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ABSTRACT

Suppose that (Frn)S%, is a sequence of regular families of finite subsets
of N and ()32, is a nonincreasing null sequence in (0, 1). The mixed
Tsirelson space T[(fn, Fn)3%,] is the completion of cgo with respect to
the implicitly defined norm

k
llzll = max{llzllc, , supsupbn Y _ [ Escll},
n

i=1
where the last supremum is taken over all sequences (E;)¥_, in [N]<®
such that max E; < min E;41 and {minE; : 1 < ¢ < k} € Fn. Necessary
and sufficient conditions are obtained for the existence of higher order
¢ -spreading models in every subspace generated by a subsequence of the
unit vector basis of T[(6r, Frn )22 ,].

n=1

1. Preliminaries

Mixed Tsirelson spaces were first introduced by Argyros and Deliyanni [2]. They
furnish a central class of examples in the recent development of the structure
theory of Banach spaces. In [9], the authors computed the Bourgain ¢*-indices
of mixed Tsirelson spaces. A stronger measure of the finite dimensional ¢!-
structure of a Banach space is the presence of (higher order) ¢!-spreading
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models. Kutzarova and Lin [7] showed that the Schlumprecht space [11], a
fundamental example that opened the door to much of the recent progress in
the structure theory of Banach spaces, contains an ¢!'-spreading model. Subse-
quently, Argyros, Deliyanni and Manoussakis [4] showed that if 6,4+, > 6,6,
and lim,, 6™ = 1, then the mixed Tsirelson space T[(f,,S,)%,] contains £!-
S.-spreading models hereditarily. In the present paper, we consider general
mixed Tsirelson spaces T'[(6n, Frn)22 ;] and obtain necessary and sufficient con-
ditions for the existence of higher order ¢!-spreading models in every subspace
generated by a subsequence of the unit vector basis.

We set the notation in the remainder of the section. Endow the power set
of N, identified with 2N, with the product topology. If M is an infinite subset
of N, denote the set of all finite, respectively infinite, subsets of M by [M]<*,
respectively [M]. A family F C [NJ<* is said to be hereditary if G C F € F
implies G € F. It is spreading if whenever F' = {n1,...,nx} € F,n1 < --- <
ng, and m; < --- < my satisfy m; > n;, 1 <1 <k, then {my,...,my} € F.
A regular family is one that is hereditary, spreading and compact (as a subset
of the topological space [NJ<>). If E and F' are finite subsets of N, we write
E < F, respectively E < F, to mean max E < min F, respectively max E <
min F' (max® = 0 and min® = oc). We abbreviate {n} < E and {n} < E
to n < E and n < E respectively. Given F C [N]<®, a sequence of finite
subsets {E,...,E,} of N is said to be F-admissible if E; < --- < E, and
{min Ey,...,min E,} € F. If M and N are regular subsets of [N]<*, we let

k
MN={|JFi: F e N for all i and {F}, ..., Fy} is M-admissible}.

i=1
Given a sequence of regular families (M,), we define inductively (M, Mq] =
Ml[Mz] and [Ml, . ,M,‘.H] = [Ml, ceey Mz][MH.l] AISO, let

k
My, M) = {{JMi: M; € My, My < -+ < My},
=1
We abbreviate the k-fold constructions [M, ..., M] and (M, ..., M) as [M]F
and (M)* respectively. Of prirﬁary importance are the Schreier classes as de-
fined in [1]. Let So = {{n} :n € NJU{0} and &; = {F C N: |F| < min F}.
Here |F| denotes the cardinality of F'. The higher Schreier classes are defined
inductively as follows: Syy1 = Si[Sy] for all a < wy. If a is a countable limit
ordinal, choose a sequence («,,) strictly increasing to « and set

So ={F:F € S8,, for some n < min F'}.
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It is clear that S, is a regular family for all & < w;. Given a nonzero countable
ordinal a whose Cantor normal form is @ = wf* - mq + -+ + WP - my,, we let
Ra be the regular family ((Sg,)™",...,(Ss,)™). If F is a closed subset of
[N]<°°, let F' be the set of all limit points of F. Define a transfinite sequence
of sets (F(®)qcy, as follows: FO = F, Fletl) = (F@Y for all a < wy;
Flo) = Ns<a FB) if o is a countable limit ordinal. If F is regular, we let
(F) be the unique ordinal o such that F(® = {§}. It is well known that
(S,) = w” for all ¥ < w; [1, Proposition 4.10]. Also, (({(M,N)) = t(N) + (M)
and ((M[N]) < «(NV) - (M) [8, Proposition 10]. In particular, ((Ry) = .

If F is a regular family and K is a positive constant, we say that a normalized
sequence (z,,) in a Banach space is an ¢!- F-spreading model with constant
Kif || panzn|| > K'Y pla,| for all F € F and all sequences of scalars (an).
We refer to [6] for the definitions and in depth discussions of the £!-indices I(X),
I(X,K), I,(X) and I;(X, K) of a Banach space X (assumed to have a basis in
the last two). Suffice it to say that if X contains an ¢'-F-spreading model with
constant K, then I(X, K) > +(F). Moreover, if the spreading model is a block
basis of the basis of X, then [,(X,K) > «(F).

Let cgo be the vector space of all finitely supported real sequences and let
(ex) be the standard unit vector basis of cgp. For E € [NJ<® and z = 3" axey, €
coo, let Ex = ), paxer. Given a sequence of regular families (F,);2; and
a nonincreasing null sequence (#,)52; in (0,1), the mixed Tsirelson space
T[(6n, Fn)S2,] is the completion of ¢gp under the implicitly defined norm

k
(1) llzll = max{||zllc,, supsup b, Y l| Eszll},

=1

where the last supremum is taken over all F,-admissible sequences (E;)¥_,.

Throughout the paper, we consider a fixed mixed Tsirelson space
X = T[(0n, Fn)i21]. Set ap = o(F,) for all n and let a = sup,, a,. To avoid
trivial cases, we will assume that a, > 1 for all n. The following fundamental
set theoretic dichotomy due to Gasparis will be used repeatedly.

THEOREM 1 ([5, Theorem 1.1]): Let F and G be hereditary families of finite
subsets of N and N an infinite subset of N. Then there exists M € [N] such
that either GN[M]<® C F or FN[M]<* C G.

Note that if G is a regular family, then «(G N [M]<*°) = () for all M € [N].
Thus if F and G are regular families such that ¢(F) < «(G), then for any N € [N],
there exists M € [N] such that F N [M]<> C G.
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PROPOSITION 2: If a = «,, for some n or if a is not of the form w“’g, & < w,
then X contains (*-R ,-spreading models hereditarily for all k € N. However,
it does not contain any ¢*-R ,. -spreading model.

Proof: Let {z,,) be a normalized block sequence in X. Under the hypothesis,
for any k € N, there exist n,7 € N such that of < af. Then «(Rx) < t([Fn]?).
By Theorem 1 and the subsequent remark, there exists M € [NJ<* such that
Ror N [M]<® C [F,]'. We claim that (Zs)menm is an ¢1-R +-spreading model
with constant 1/6%. Indeed, suppose that M = (m;) and F € Rg; then
{mj : j € F} € R N[M]<® C [F,]". As a result, {suppzp, : j € F}is
[Fn]*-admissible. Therefore, for all (a;) € coo,

Y aitm, || 205D llagzm, || =6, ) lal-

jEF JEF JEF
On the other hand, I;(X) = o* [9, Theorem 15]. If a > w, then I(X) =

Ii(X) = a¥ by [6, Corollary 5.13]. By [6, Lemma 5.11], (X, K) < o¥ for all
K > 1. Tt follows that X does not contain an £!-R ,.-spreading model. If o < w,

then o = w since we are assuming that o > 1. If (z,,) is an ¢!-S;-spreading
model in X, then there is a subsequence (zn,) such that (Tn,, — Tny.,,) is
equivalent to a block basis of the unit vector basis {e;) of X. It is easily checked
that (zn,, — Tn,,,) is an £1-S;-spreading model. Thus w < I;(X, K) and hence
Iy(X) = I,(X, K), contrary to [6, Lemma 5.7]. ]

2. Higher order {!-spreading models

Henceforth, we assume that o # a, for any n and « = w** for some 0 < & <wy.
For a nonzero ordinal o with Cantor normal form w? -m; + - + WP~ -my,, let
¢(a) = f1. Given m € N and € > 0, define

v =7(e,m) = max{l(an, ...Qn,) : €bp, -0, >0} (maxd=0).
We say that the space X satisfies (1) if

there exists ¢ > 0 such that for all § < w®, there exists m € N
satisfying v(e,m) + 2 + < £(am)-
It was proved in [9] that condition (}) is sufficient for X to have a large ¢!-index.

THEOREM 3 ([9, Theorem 17]): Assume that £ # 0. If X satisfies (}), then
I(X) = w2,
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Remark: It was shown in [9, Corollary 18] that (f) holds if £ is a limit ordinal.

Observe that if X contains an £!-S, :-spreading model, then it actually
contains £1-F,[S,¢]-spreading models for all n. In this case, it follows that
I(X)= w**2. Hence the next result strengthens Theorem 3.

THEOREM 4: Suppose that 0 < £ < wy and () holds. Then for any sub-
sequence (en)nem of the unit vector basis (e,) of X, [(en)nem] contains an
-8, ¢ -spreading model.

The construction, using interlaced layers of vectors of differing complexities,
is based on the method pioneered by Kutzarova and Lin ([7]) and subsequently
refined and extended by Argyros et al. ([3]). As in [9], we calculate the norms of
vectors in X by means of admissible trees. Let us recall the relevant procedure
and set the notation. A tree in [N]<* is a finite collection of elements (E),
0<m < r,1<i<k(m),in [N so that for each m, E® < E" <

- < Eff,,» and that every E7™! is a subset of some ET. The elements
ET are called nodes of the tree. Any node E]™ is said to be of level m.
Nodes at level 0 are called roots. If E* C ET and n > m, we say that
E is a descendant of ET* and E7" is an ancestor of E. If, in the above
notation, n = m + 1, then E' is said to be an immediate successor of ET,
and ET' the immediate predecessor of E}'. Nodes with no descendants are
called terminal nodes or leaves of the tree. The set of all leaves of a tree
T is denoted by L£(T). A tree (E), 0 < m < r, 1 < i < k(m),is (Fp)-
admissible if k(0) = 1 and for every m and 4, the collection (E;n“) of all
immediate successors of ET" is an F,-admissible collection for some n € N
Given an (F,)-admissible tree (ET"), we define the history of the individual
nodes inductively as follows. Let h(E?) = (0). If h(E™) has been defined and
the collection (E}"‘H) of all immediate successors of ET* forms an F,,-admissible
collection, then define h(EJT”H) to be the (m + 2)-tuple (h(ET),n). Finally,
assign ((#,)-compatible) tags to the nodes by defining ¢t(E™) = H;n:o O, if
R(E™) = (no,ni,...,nm) (6o = 1). If € cgo and T is an (F,)-admissible tree,
let Tx =) t(E)||Ez||c,, where the sum is taken over all leaves in 7. It is easily
observed that ||z|| = max{7z : T is an (F,)-admissible tree}.

We are now ready to set up for the main step of the calculation. Let € € (0,1)
be given. For r € N, let N, = {(0,n1,...,ns) : €0n, ---6,, > 6,}. Then
v(e,7) = max{l(an, ... an,) : (O,n1,...,ns) € Ny}. Assume ¢ € (0,1), p < q
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and 7 are given such that v(g,p) < 7 < wt. Let
Kspn=1{0,n1,...,n5) : 0p, -0, >80,, Llan, ...an ) <n}.

Also assume that M € [N] satisfies [F,,,...,Fn,] N [M]<>® C S, whenever
(0,n1,...,n,) € K5 p4. Suppose that vectors z; and z are given so that

T T
_p-1 — _
= 9p E Qi€m,, T2 = E aizi, T =21+ Z2,

i=1 i=1
and
o1ls, < ——,
Iells, < =157
{mlam27 o '7m7'} € 877+l N [M]<<X>’
llz1 |l = 1/6p,

mp <z <-- <My < 2p.
Ky =23 arex € coo and F is a regular family, let ||yllr = suppcr D ier lakl-
PROPOSITION 5: Let x be given as above. For any admissible tree T, there
exist an admissible tree T' and disjoint sets J; and Jo such that

(1) T is (p, q)-restricted, i.e., for all E € L(T"), there exists G € T’ containing

E such that h(G) € Ny \ Ny,
2) .
a; " q
Tz < T(Zezjl b;emi +iesza¢Zi> +T 'z +46+ E;

Proof: Choose m,41 > maxsupp z,. We may assume without loss of generality
that the root of 7 is the integer interval [m;,m,41], that every node in T is
an integer interval, and that every leaf in 7T is a singleton. For each i < r, let
& ={E € L(T): E Csuppz;}. Define

L={i:&#0, {mi} € L(T)},
L={i:&#0, {m;} ¢ L(T)}, and
L={i:&=0, {m}eL(T}
If {m;} € L(T), we write t; for the tag t({m;}). Observe that
) Tz= Y HE)|Ez|c

EeL(T)

< ¥ il s Y e e

iehuls P ienhul; Ee&;
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For each 7 € I, let F; be the smallest (by set inclusion) node in 7 such that
{mi,mit1} C F;, then let G; be the immediate successor of F; containing m;.
Note that if 41,42 € I and ¢; < 42, then G;, # G;,. For otherwise, since
Gy, = Gy, is an integer interval, {m;,,mi 41} C Gi; G Fi,, contrary to the
choice of F;,. Subdivide I; into I], I, and I}" according to whether h(G;) € Np,
h(G;) € Ng\Np, or h(G;) ¢ Ny. Suppose i € I{. Then h(G;) = (0,n1,...,n;) €
Np. Tt follows that 6, ---6,, > 00, and €(on, - - an;) < ¥(e,p) < 1. Thus
h(G;) € Ks,p,,. Hence

3) ) tl"”' < S UGGl

1€} 1€1]

< ¥ > UG,

(0,11,...,ns)EK 5,5, RH(G)=(0,n1,...,15)

Y lml s

(07n1)~~~’ns)€K6.p.n
< |Kspalllzalls, <.

IA

The next to last inequality holds since for any (0,n,...,ns), the set
{G €T :h(G)=(0,n1,...,n5)}is [Fun,, ..., Fn,]-admissible. Also,
Iazl Ia’1| (I 9‘1
(4) Z tig- < Z ||$1||z 0,
7/61"/ ZGI”I

Define J; = I Uls, Jo = I; UI" ULy and let T’ be the subtree of T consisting
of all nodes in | ;. I &; together with their ancestors. Clearly J; is disjoint from
Jo. Note that if E € L(T), then E € &; for some i € I}'. Since m; < E < m;11
and m;, m;11 are both contained in the integer interval F;, E g F;. Hence there
exists an immediate successor H of F; such that E C H. But h{(H) = h(G;) as
H and G, are both immediate successors of F;. Thus h(H) € Ny \ N,. This
shows that 7' is (p, q)-restricted. Applying (3) and (4) to (2), we see that

Te<irgbe ¥ ule S5 aielesl,

€T U3 0 ie,Ul, E€E;

G+ TG (T AT Bl )

i€y i€Jy iEI” Eeg;
6,
<o+ -L 5, +7( Z —em, + > aiz +T’(Za,21
z€J1 1€J2

as required. |
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Assume that X satisfies (1). The next step is to iterate the construction in
Proposition 5 to generate vectors with an arbitrary number of layers. The key
observation is that these vectors are uniformly bounded. The corresponding lay-
ers in the vectors will interact to give the desired finite dimensional ¢! behavior.
Let ¢ be the constant given by condition (). Suppose (8,) is the sequence
of ordinals increasing to w® that defines S_¢. Given any Mo € [N], we choose
sequences (p,), (¢,) in N, a decreasing sequence of infinite subsets (M) of My
and a sequence of countable ordinals (7,) less than w® in the following manner.
Pick p; € N so that 6,, < €?/4 and v(e,p1) + 2 + B1 < €(ap,). Define gy =
v(g,p1)+1. Then choose ¢; € Nso that 8,, < &6,, /4. Since g +1+ 51 < €(op,)
and l(ay, <+ an,) <m forall (0,n4,...,m5) € Ky-1 4, »,, by the remark follow-
ing Theorem 1, there exists M; € [Mp] such that Sg,[Sy,+1] N [M1]<®° C Fp,
and [Fiy, ..., Fn,] 0 [M]<® C S, whenever (0,n1,...,n;) € Kg-1p, . As-
sume that the sequences have been chosen up to n — 1. Pick p, > g,—1 so that
6p, <e%/4™ and

(e, pn) + 24+ V(e Gne1) + 2+ o1 + 1+ -+ + 14 B, < €y, ).

Define n, = v(¢,pn) + v(€,gn—1) + 1. Then choose ¢, > pn so that 8, <
elp, /4™ Since pp + 14 +m + 1+ B, < lop,) and lag, - an,) < 0, if
(0,n1,...,n5) € Ky=n . n, there exists M, € [M,_1] so that

S5, [Snit1y- - Sput1] N [MR]<%° C Fp,

and [Frys- .oy Fu, ] N [Mp]<® C S, if (0,n1,...,n,) € Kg=np, n - This com-
pletes the inductive construction. For every n, let Z(p,) be the set of all vec-
tors z in cop such that |jz|| = 6, suppz € Sy, 41 N [My]<™ and |jz[|s,, <
47"(|Ky-n p, m,| + 1)71. The set Z(p,) is nonempty by Proposition 3.6 in
[10]. Inductively, for n,k € N, let Z(pn,ppi1,---,Pnsx) consist of all vectors
of the form 0;: S Giem, + D1 aiZ, where my < z1 < o0 < My < 2z,
0,1 31— aiem; € Z(pn) and 2; € Z(pnt1,-- - Prtk), 1 <4 < 7. Recall that an
admissible tree T is said to be (p, ¢)-restricted if every leaf E € T is contained
in some node G € T with h(G) € N\ N,. In the following, a (po, go)-restricted
tree is one without any restriction placed on it.

LEMMA 6: Let = be a vector finitely supported in M, and suppose that
Izlls,, €4 (|Ks=n p, ) + 171 FO<m < nand T is a (pm, gm)-restricted
admissible tree, then

n 8 ;
T < {4 + 22 ||z]| o ) 1_fm=0,
“ 4T+ 6, ||lz)|n (47 +47™) HO<m < n.
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Proof: First assume that m = 0. Observe that N, C K4-n , , . Indeed,
if (0,n1,...,ns) € Np,, then l(ayn, -+ an,) < ¥(¢,pn) < M and Gy, -+ 0, >
bp, /¢ > 47"8p,. Thus (0,n1,...,ns) € Ky—u , . For afixed (0,n1,...,n,),
{E € L(T) : h(E) € (0,n1,...,ns)} is [Fnys---,Fn.]-admissible. Hence if
(0,m1,...,n5) €Ny, C Kynp , , then

> HEN Exlle, < Hzllir,,....muniv)<= < lizlls,, -
EeLl(T)
R(E)=(0.11.....,n)
Therefore,
r<( ¥ o+ 3 JumlEa,
EeL(T) EeL(T)

h(E)END, R(E)ENp,

< ¥ Y BB+ Y e,

0,n1,...,ms)EK EEL(T) E€L(T)
( [X43 RXEEH )e 47" pa.in h(E)=(0.n7.....n35) h(E)gNp,

0 n
S |K4_"',Z>nﬂ7n|”$“5nn + Z “‘/ljllel

<4—”+9’J
- 5

|-

Assume that 0 < m < n. If E € L(T), pick G € T so that E C G and
h(G) € N,,, \ Np,,. Write h(G) = (0,n1,...,ns) and h(E) = (0,ny,...,14),
t>s. If (0,n411,...,n¢) € Np,, then (o, - -~ an,,,) < ¥(€,pn). Since h(G) €
N, €N, _,, we also have £{ay,, - an, ) < (g, qn-1). Therefore,

e(am T O O, aﬂl) = ﬁ(am o 'ans+1) + e(a‘ns e anl)
< 7(571)71) + 7(57Qn—1) < Tn.
It follows that if (0,ms11,...,m:) € N, and t(E) > 476, , then h(E) €

Ky-» p, .- Thus,
> tHEEz|le,
EeL(T)

(Ongqq.....ny)ENp,

() < > HENEzlleo+ Y, tE)Ezll,
EeL(T) E€L(T)
h(E)Gxél_n.pn.nn ”E)S‘}_ngpn
< |Kg-npmalllZlls,, +477"0p, 2]l

<47 +4770, ||zl

On the other hand, if (0,n541,...,1¢) ¢ N, then €6, ., -6, < 6,,.
Similarly, ey, - - - 0, < 8,,, since h(G) ¢ N,,,. Hence

HE) =0n, -+ 0n0n,,, On <0, 6, [
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Thus

epm epn —m
(6) Y. UBENEle < 2P lalle <4776, |lalle

BEL(T)
Omgyprnt)ENpy,

Combining {5) and (6) completes the proof. 1

LEMMA 7: Let x be a vector in Z(py, - ..,Pn+k), where n € N and k € NU{0}.
IfO<m < nand T is a (pm, qm)-restricted admissible tree, then

_ _ 1_ (ntk)  ifm =0
To <4~ 2~’+{ 34 wm ="
e Jz; i-m ifO<m<n.

Proof: Observe that any vector z € Z(p,) satisfies the hypothesis of Lemma 6
and that ||z||n = 6,!. The result for k = 0 follows from the same lemma.
Now suppose the result holds for some k and consider a vector

€ Z(Pny- - Prtkt1)

and a (pm,, qm )-restricted admissible tree 7, 0 < m < n. Write

ki T
xr= O;nl E aiem, + E 0i2; = T1 + To
i=1 i=1

according to the definition of Z(py,...,Pn+k+1). One can easily verify all the
conditions preceding Proposition 5 with the parameters § = 47", p =p,, ¢ =
gn, M = M,, and 5 = n,. By Proposition 5, we obtain a (p,, ¢ )-restricted
admissible tree 7' and disjoint sets J; and Jo so that

i _ 0
TwST( E —Ha——emi+ E aizi)+7"w2+4 ”+8—;—"—
p’ﬂ

i€J; Pn i€z
ST(Z;l +Zazzz>+7’xg+2 4",
’I;EJ& ‘L€J2
By Lemma 6,
a; 44+ 13 ai it m =0,
— e, | < g &siey 1 R
T(EZJ G, em'> < {4-n + @) T el ifm #0.

Moreover, by the inductive hypothesis,

T( Z aizi> Z la;| sup T z;

i€J2 ier, €2

_ - 1_3.4=(ntktl) jfm =0
J E b
<2|a1](4 22 +{ im0

i€Js
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Using the fact that

u Z la;| + v Z |a;| < max{u,v} Z |ai| < max{u,v}

1€J1 1€J2 i€ J1UJy
if u,v > 0, we see that

T( Z :—iemi + Z aizl)

i€J; Pn i€Js
_ 1 fm=0
< 47 , !
<4 +Z|“’|({i—"+4—m ifm;éO)
i€y
k
_ . l_3,4—(n+k+1) ifm=0
R n J ]
+Zla’|<4 22 +{i—m ifm #0
i€J2 j=0

k
_ _ i 1_3.4-(ntkt) jf =0
<444 S oI 4 ]G ,
SATHAT Y +{4—m i m % 0.

Jj=0
Since 7" is {pp, gn)-restricted, the inductive hypothesis yields
k
Tzy <47™) 277 4477
Jj=0
Therefore,

k 1 _ .
_ _ s L _3.4=(tk+1) §fm =0
<4 44N 97
Tosd™+ ; +{Z—m ifm#0
k .
+4—n22—J+4—”+2.4—“
=0
k 1 3 .
_ _ _; 1_3.4-(ntktl) §fm =0
=447 42.47"Y 277
* jgo +{i“m ifm#0

k . .
4= =) gD $ ) { $=3-47(ED i m = 0

2 g if m #0
k+1 1 —(ntk+1)

=4—(n—1) 2—]’ : 3-4 ifm= 0,
]2_:0 + { 4 itm£0 "

The case m = 0 gives the next corollary.

COROLLARY 8: The set Z(pn, Pn+1, -

.., Pn+k) has norm bounded by 2-4=("=1) 4
1/e.
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PROPOSITION 9: Let x be a vector in Z(pn,...,Pnsk), wheren € N and k €
NU{0}. Then there exists a sequence of pairwise disjoint vectors (y]) —o such
that

z= Zyg, lly;ller = , 0<j<k
Pn+1

and
SUPPY; € [Spptts -+ Spuyj 1] N [Mg ;]

Proof: The proof is by induction on k. If £ = 0, set yo = = and the claim
is clear. Assume the proposition holds for some k and consider a vector z €
Z(Pny. - Priks1). Write & = 6,137 aem, + 37 a;z; according to the
definition of Z(py, .. ., Pn+k+1). By the inductive hypothesis, for each 4, there is
a sequence of pairwise disjoint vectors (y])k+1 such that z; = Z?J”ll v, ||y;|| n =
Ol suppyj € [Spnsrstr - sSnmpy41] N [Mnyj]<®, 1 < j < k+1. Set yo =
0,0 > aiem;, and y; = 337 a1 <j <k+1. Then (y]);”ié is a pairwise
disjoint sequence such that Zfié yr = z. Clearly, |ly;lla = 3, ]a¢|||y§||¢1 =
0pn1+ , 1< <k+1, and |lyolle = 0,2 >0, las| = 6,7, Also, suppyo €
Sn.+1N[Mp] <> since yo € Z(py,). Furthermore, since m; < yjl- < <mp <yl

and {ml,...,my} €8, +1,
suppy; € [Snn+17""8n"+j+1] n [Mn+j]<oov 1<j<k+1 s

Proof of Theorem 4: Beginning with My = M, carry out the construction
above. Now take a block basis (zx) of (en)near such that zx € Z(p1,po, ..., 08)
for all k. By Corollary 8, ||zx|| < 2+ 1/¢ for all k. Suppose F € S,¢. Then
there exists jo < min F’ such that F' € Sg; . By Proposition 9, for all k € F,
there exists yy such that |yg| < |2k, l|lyella = 0;}%) and

SUPP Yk € [Spygts- - -+ Spj 4] N [My] <%

Thus for all scalars (ay),

Z A2k Z arYk

kEF kEF

7

> 01710

Z arYk

keF

Z akyk

keF

p]()
Pjo

88 Sp [Sni 15+ -»Snip +1] N [M;] <% C Fp, . Therefore,

z ap2g|| > Op;, Z laxllyxlle = Z lag|- @

keFr keF kEF
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In the rest of the section, we prove the converse to Theorem 4. By [9, Propo-

sition 1], we may assume without loss of generality that there exists a sequence
(¢,) C N converging to oo such that F, = (F,, N[N, [<*®) U S for all n € N,
where Ny = {n € N:n > k}.
LEMMA 10: If (}) fails, then for alle > 0 and all M € [N], there exist M' € [M]
and a regular family ‘H containing S, «{H) < w**, such that for all sufficiently
large m, there exist nq,...,n, so that €6, ---8,, > 6, and F,, N[M']<> C
M, Fnyr- o Fudl-

Proof: Fix e > 0. Since (}) fails, there exists 8 < w® such that for all m,
y(e,m) + 2+ 8 > £(ay,). Therefore, for all large enough m, say m > my, there
exist n1,...,ns such that €6, ---0,, > 6, and (o, - an, ) + 2+ 8 > U{am,).
Let ' =2+ f+1 < wt. Then (o) < €{ay, - ay,) + . Thus,

U Fm) < uUSp [ Fnys -y Fnll)-
By the remark after Theorem 1, for all N € [N], there exists N’ € [N] such that
F N[N C Sgr[Fuys-- - Faul-
Given M € [N], applying the above argument repeatedly, we obtain infinite sets
MDOMy DM 2---DMy2---

such that for all k¥ € N, there exist ny,...,n; (depending on k) such that
€0n, -+ On, > Omoyi and Frppi N [ME]<® C Sp[Fpy, ..., Fn,]. Choose (my)
so that mg < m; <mg < ---. and my € My, for all k € N. Let M’ = (mg)2,.
For all k € N, define B, = {G : lpyyix <G, |G| <my} and B = g, B U So.
Let H =(B,Sp'). Then H contains Sy and

UH) = u(B,Ss) = u(Sp) + 1(B) = +w < w.

Consider a set F' € Fp 41 N [M']<* for some k € N. Write F' = F; U Fy, where
Fy = Fn[l,my) and F» = F N [my,00). Since

e fm()ﬁ-k = (fmo-Hv’ n [N€1710+k]<oo) U So,

either Fy € So C Bor Fi € Fing+kN[Ng,,, . ]<. In the latter case, {y,1x < F1
and |F;| < my and hence Fy € By, C B. Also, Fy € Fppy1 1 N[M}]<* implies that
there exist ny,...,ng such that €0, -+ -0, > Oy 4k and Fo € Sp[Fpy, ..., Fu,l.
Therefore, F' € (B,Sg [ Fnys---»Fn] = H[Fnys - Fn.l- ]
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PROPOSITION 11 ([9, Proposition 14]): Suppose for all ¢ > 0, there exist a
regular family G. and mg € N such that for all m > my, there exist ny,...,n; €
N satisfying 6., < €bp, - - - 0yn, and Fm C [Ge, Fny,--.,Fn,]- Then

L(X) < supsuplu(G.) - a].
e>0neN

THEOREM 12: Suppose that (}) fails; then for all M € [N], there exists N € [M]

such that

I([(ex)ken]) = o

In particular, [(ex)sen| does not contain any £'-S,-spreading model.

Proof: By Lemma 10, there exist infinite sets M D M; D --- D My D --- such
that for all ¢ € N, there exists a regular family H; containing S, t(H;) < w“’g,
such that for all sufficiently large n, say n > mg(i), there exist nj,...,n; so
that 6, < 8y, ---6n, /i and F, N [M;]<® C [Hi, Fnyy-- -, Fn,]- Choose m; <
mg < mg < --- such that my € My and let N = (my,). Set Y = [(ex)ren]. Note
that Y = T[(6,,G,)32,], where G € G,, if and only if {m;, : k € G} € F,.
Suppose ¢ > 0 is given. Pick 4 € N such that 1/ < . Assume that n > mp(2)
and ¢, > m;. If G € Gy, then F = {my, : k € G} € F, N[N]<*. Since
Fr = (FnN[Ng, <) U Sp, either F € Sp or F € F, N[N, ]<°°. In the latter
case, F > £, > m; and thus F € F, N [M;]<®°. Hence in either case, F €
(Hi, Fnys-- -, Fn,] for some nq,...,n, such that 6, < €6y, - - - 8,,. Therefore,

gn g [Z,gm’--',gns],

where G € J; if and only if {my, : k € G} € H;. Note that «(J;) < w**. Thus,
according to Proposition 11,

L,(Y) < supsup(e(T;) - a¥] = sup[e(T:) ~w‘"€] = w".
© neN %

However, I,(Y) >
Finally, I,(Y) = I{Y) by [6, Corollary 5.13] since I,(Y) > w*. By [6, Lemma
5.11), I(Y, K) < w*".

|

w** by part 1 of [9, Theorem 14]. Hence I1(Y) = W
¢

Thus Y does not contain any ¢!-S,¢-spreading model.
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3. Mixed Tsirelson spaces constructed with Schreier families

In this section, we apply the results of the last section to mixed Tsirelson spaces
of the type T[(0x, Sg, )%.,], where (6,,) is a nonincreasing null sequence in (0, 1),
sup,, Bn = w¢ > By > 0for all n € N, and 0 < £ < w;. In the present situation,
the function « is given by

v(e,m) = max{By, + -+ Bny 1 €0p, -+ -On, >0} (maxd=0).

Theorems 4 and 12 give

THEOREM 13: Let (8,) be as above and let (e,) be the unit vector basis of
the mixed Tsirelson space T[(6,,Ss,)%>,]. If condition (t) holds, then for any
M € [N, (en)nem contains an €*-S,¢-spreading model. If condition (1) fails,
then for all M € [N], there exists N € [M] such that [(ex)ren] does not contain
any (-8, -spreading model.

In the event that the Schreier families Sg, £ a limit ordinal, are defined using
special choices, the second part of Theorem 13 can be strengthened. The special
“standard” choices are described as follows. For all limit ordinals o < wy, fix a
sequence of ordinals strictly increasing to a. If 8 = WPt -my + - + WP -my is
a limit ordinal, determine S using the sequence

n —

5 [WPrmy o+ WP (mp — 1) + w1 on if By is a successor,
WA my 4+ WP (my = 1) 4 WS if B is a limit,

where ((,) is the chosen sequence of ordinals increasing to S.

THEOREM 14 ([9, Theorem 26)): Follow the notation above and apply the
standard choices to define Schreier families. If there exists € > 0 such that
for all B < w®, there exists m € N satisfying v(e,m) + 2 + 8 < Bm, then
LT[0, S5,)24]) = w2, Otherwise, I (T(Fo, (6,S5,)%%,)) = w*".

For “standard” Schreier families, the second part of Theorem 13 can be im-
proved.

THEOREM 15: Let (8,) be as above and apply the standard choices to define
Schreier families. If (1) fails, then I(T[(6n,S5,)521]) = w**. In particular,
T[(0n, S5, )3%1] does not contain any ¢'-S,,¢-spreading model.

Note that for finite 3,,’s, no choices need to be made in defining the Schreier
families S,,. It is worthwhile to record the result in this case.
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THEOREM 16: If 8,4, > 0,0, for all m,n and lim,, limsup,, 0,4 rn /0, > O,
then [(es, )] contains an {*-S,,-spreading model for any subsequence (ey, ) of the
unit vector basis (ex) of T[(0n,5,)3%,]. Otherwise T[(0r,Sn)3%,] contains no

¢*-S,,-spreading model.

Remark: It can be shown that for sequences () such that 6,4, > 0,8, for
all m,n, the condition lim,, limsup,, 6.,,4+n/0, > 0 is strictly weaker than the
condition lim 0#/ =1,
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